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ABSTRACT 

 
In this paper we used an analytical approach to model nonlinear diffusion of dopant in a multilayer struc-

ture with account nonstationary annealing of the dopant. The approach do without crosslinking solutions at 

the interface between layers of the multilayer structure. In this paper we analyzed influence of pressure of 

vapor of infusing dopant during doping of multilayer structure on values of optimal parameters of technol-

ogical process to manufacture p-n-junctions. It has been shown, that doping of multilayer structures by 

diffusion and optimization of annealing of dopant gives us possibility to increase sharpness of p-n-junctions 

(single p-n-junctions and p-n-junctions within transistors) and to increase homogeneity of dopant distribu-

tion in doped area. 
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1. INTRODUCTION 

 
One of actual problems of solid state electronics is increasing of degree of integration of elements 

of integrated circuits (p-n- junctions, field and bipolar transistors, thyristors, …) [1-9]. At the 

same time one can find decreasing dimensions of the elements. To decrease the dimensions dif-

ferent approaches are used. One group of the approaches including into itself laser and microwave 

types of annealing [10-12]. One can found that during laser and microwave types of annealing 

inhomogenous distribution of temperature is generated. In this situation dimensions of elements 

of integrated circuits decreases due to Arrhenius law. To decrease dimensions elements of inte-

grated circuits it could be also used of inhomogeneity of heterostructures [13-15]. However it is 

necessary to optimize technological process in this case [16,17]. It is known, that radiation dam-

age of semiconductor materials leads to changing of distribution of dopant concentration in p-n- 

junctions and transistors [9,13,15,18]. In this situation radiation damage of semiconductor mate-

rials attracted an interest [19]. 

 

This paper is about doping by diffusion of a heterostructure, which consist of a substrate with 

known type of conductivity (p or n) and epitaxial layer (see Fig. 1). A dopant has been infused in 
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the epitaxial layer from gaseous source to produce required type of conductivity (n or p). It is 

known, that under special conditions sharpness of p-n- junctions increases [16,17]. Main our aim 

framework the present paper is analysis of influence of pressure of vapor in source of dopant on 

distribution of concentration of dopant in p-n- junction. 
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Fig. 1. Heterostructure, which consist of a substrate and an epitaxial layer 

 

2. Method of solution 

 
We solve our aim by analysis of spatio-temporal distribution of concentration of dopant. To de-

termine the spatio-temporal distribution we solve the second Fick’s law [8,9,13] 
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We assume, that dopant infusing from infinite source with near-boundary concentration N, which 

is essentially larger, than limit of solubility of dopant P. In the Eq.(1) and conditions (2) we used 

the following notations: C (x,t) is the spatio-temporal distribution of concentration of dopant; T is 

the temperature of annealing; DC is the dopant diffusion coefficient. Value of dopant diffusion 

coefficient depends on temperature through the Arrhenius law (during heating and cooling of he-

terostructure) and properties of materials of layers of heterostructure. Properties of materials de-

pends on level of doping of materials. Approximation of dependences of dopant diffusion coeffi-

cient on parameters could be written as [8] 
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Here DL(x,T) taking into account the spatial (i.e. accounting several layers in heterostructure) and 

temperature (due to Arrhenius law) dependences of dopant diffusion coefficient; P(x,T) is the de-

pendence of limit of solubility of dopant on coordinate and temperature; parameter γ depends on 

properties of materials and could be integer in the following interval γ ∈[1,3] [8]. Concentrational 

dependence of dopant diffusion coefficient has been described in details in [8]. 

 

To solve our aim let us determine solution of Eq.(1) and make analysis of dynamics of dopant. To 

calculate analytical solution of Eq.(1) we used recently elaborated approach [16,17,19]. Frame-

work the approach we transform approximation of dopant diffusion coefficient to the following 

form: DC=D0L[1+ε η(x,T)][1+ξ C
γ
(x,t)/P

γ
(x,T)], where 0≤ε <1, |η(x,T)|≤1, D0L is the average value 

of dopant diffusion coefficient. Farther we solve Eq.(1) in the following form 
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Functions Ckm(x,t) could be determine by solution of the following system of equation 
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with boundary and initial conditions 

 

C00(0,t)=N,
( )

0
,
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=
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=x

km
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txC
,k≥1,m≥1; Ckm(0,t)=0, Ckm(x>0,0)=0, k≥1, m≥1; 

C00(x,0)=0, C00(0,0)=N; Ckm(x,0)=0, k≥1,m≥1.  (6) 



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014 

 

56 

 

Solutions of the system of equations (5) with account conditions (6) could be obtain by standard 

approaches [20,21] and could be written as 

 

C00(0,t)=N, ( ) ( ) ( )






∑

+
+=>

∞

=

++

0

5.05.0
000

5.0

sin2
1,0

n

nn

n

texv
PtxC

π
, 

where vn=πnL
-1, ( ) ( )∫=

L

nn
uduvufF

0

cos , en(t)=exp(-vn
2
D0Lt), P0 is the average value of limit 

solubility of dopant 

 

( ) ( ) ( ) ( ) ×∑ +=
∞

=
++

0
5.05.03

0
10 sin5.0

2
,

n
nn

texvn
L

D
txC

π
 

( ) ( ) ( ) ( )[ ]∑ ∫ +−×
∞

=
−++++

0 0
15.05.0

m

t

mnmnnn
uduHuHueue , 

( ) ( ) ( ) ( ) ( ) ( ) ( )∑ ∑∫ ×−+∑ +−=
∞

=

∞

=
++

∞

=
++

0 10
5.05.0

2

0
5.05.0620

5.0sin5.0
2

,
n m

t

nk
k

kk
ueuentexvk

L
txC  

( ) ( )[ ] ( ) ( ) ( ) ( )[ ] 2

0

3

0
15.05.01

DuddHHeeuHuH
u

mnmnmnknkn
πτττττ∫ +−+× ++−++++− , 

where ( ) ( ) ( ) ( )∫=
L

nn
uduvTuPTutH

0

sin,,η . 

 

( ) 2101 αγα −−=t,xC , 

 

where ( ) ( )
( ) ( ) ( )[ ]

( ) ( ) ( )
∑ ∑∑ ×

+−+−+

−
+=

∞

=

∞

=

∞

=

++

+
0 0 0

222

5.05.0

5.0

2

31

5.05.05.0
sin5.0

2

n k m

nkmn

n

kmn

tetete
xvn

π
α  

( ) ( )[ ] ( ) ( )[ ]{ }122122
15.05.0

5.0

1 −−

++−+−−−+
+

× knmknm
k

, ekm(t)=ek+0.5 

(t)em+0.5(t), 

 

( ) ( ) ( ) ( )[ ]{






∑ ∑ ∑∑ ∑ +−+−−
+

+

<

= ∞

=

∞

=

∞

=

∞

=

∞

=

−

++
0 0 0 0 0

12

5.05.0

3

5

2

5.0

1
sin5.0

1

3,0

n k l i j
nn

jilknn
k

texvn
π

γ

α  

( ) ( )[ ] ( ) ( )[ ] ( )[ −+−+++−−+−+−−−++
−− 2122122

5.015.05.0 njilknjilkn  

( ) ] ( ) ( )[ ] −+−++−+−+−−−−
−− 12212

15.01 jilknjilk  

( ) ( )[ ] ++−−−−+−
−122

15.0 lkjin  

( ) ( )[ ] ( ) ( )[ ] }×−+++−++−−+−++
−− 122122

25.05.0 lkjinlkjin  

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( ) ( )22222

5,0

111

5.05.05.05.05.0

5.05.05.0

+−+−+−+−+

−+++
×

+

−−−

jilkn

tetejil
nklij

, γ  =3, 

C (x,t)=-γ2α3-α4, 



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014 

 

57 

 

where  

 

( ) ( ) ( ) ( ) ( )[ ]∑ ∑ ∑ ×++−−
+

+=
∞

=

∞

=

∞

=
++

0 1 0

22

5.05.0

2

53 1
5.0

1
sin5.0

4

n k l
nn

knkn
k

texvn
π

α  

 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]×∑∑ ∑ −−++
+

++−+−−+×
∞

=

∞

=

∞

=

−−

1 0 0

22122122
1

5.0

1
15.05.0

m i j

ilil
i

knlknl  

 

( ) ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] ×−−+++−++−+−+×
−−− 1221221222

5.015.05.05.05.0 iljiljjil  

 

( ) ( ) ( )
( ) ( ) ( )[ ] ( )[ ] ( )[ ]∑ ∑ ×

−−++−+−+−+

−−++

+
+×

∞

=

∞

=0 0
22222

22
3

15.05.05.0

1

5.0

1
5.0

i j iljjiljjjil

ilil

i
l  

 

( ) ( )
( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) 







+−+−+

−
−

+−+−+−+

−
× ++

222

5.0

2222

5.0

5.05.05.05.05.05.05.0 lkn

tete

jikn

tete
nklnklj

, 

 

( ) ( ) ( ) ( ) ( ) ( )[ ]{







∑ ∑∑ −−−+
+

+
+

==

= ∞

=

∞

=

∞

=

−

++
0 0 0

122

2

5.05.0

4

7

4

5.0
5.0

5.0
sin5.0

3

2,1,0

n i j
nn

jin
i

j
texvn

π

γγ

α  

 

( ) ( )[ ] ] ( )[{∑ ∑ ∑ ∑ −+
+++

++−+
∞

=

∞

=

∞

=

∞

=

−

0 0 0 0

2

1

122

1 2

5.0
5.0

1

5.0

1

5.0

1
15.0

k l m m

j
mlk

jin  

 

( ) ] ( ) ( )[ ] ( )[ −+−+−−−++−+−−
−− 212

21

212

21
5.05.0 jmmlkjmmlk  

 

( ) ] ( ) ( )[ ] ( )[ −+−−−−−−+−++−−
−− 212

21

212

21
5.015.0 jmmlkjmmlk  

 

( ) ] ( ) ( )[ ] ( )[ −++−+−+−+−−−++−
−− 212

21

212

21
5.015.01 jmmlkjmmlk  

 

( ) ] ( ) ( )[ ] } ×++++−++−−+−
−− 12

21

212

21
25.0 mmlkjmmlk  

 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )



−
+−+−+−+−+−+−+

−
×

2

2

2

1

22222
5.05.05.05.05.05.05.0

21

mmlkjin

tete nmiklm
 

 

( ) ( )
( ) ( ) ( )

( ) ( )×∑ ++
+




+−+−+

−
−

∞

=
+

0
5.0

3

17

2

222
1

1
sin5.0

4

5.0

1

5.05.05.0 n
n

nij
xvn

mjin

tete

π
 



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014 

 

58 

 

( ) ( )[ ]{∑ ∑ ∑ ∑ ++−−−+
+++

×
∞

=

∞

=

∞

=

∞

=

−

0 0 0 0

12

5432

2

1

432
2 3 4 5

5.0
5.0

1

5.0

1

5.0

1

n n n n

nnnnn
nnn

 

 

( ) ( )[ ] ( ) ( )[ ] −+−++−+−−+−−++
−− 12

5432

2

1

12

5432

2

1
15.05.0 nnnnnnnnnn  

 

( ) ( )[ ] ( ) ( )[ ] −−+−−++++−+−+−
−− 12

5432

2

1

12

5432

2

1
5.015.0 nnnnnnnnnn  

 

( ) ( )[ ] ( ) ( )[ ] −++−+−+−+−++−+−
−− 12

5432

2

1

12

5432

2

1
15.015.0 nnnnnnnnnn  

 

( ) ( )[ ] ( ) ( )[ ] +−−−−−+−+++−−+−
−− 12

5432

2

1

12

5432

2

1
15.015.0 nnnnnnnnnn  

 

( ) ( )[ ] ( ) ( )[ ] }×++++−++−−+−++
−− 12

5432

2

1

12

5432

2

1
25.05.0 nnnnnnnnnn  

 

( )
( ) ( ) ( ) ( )

∑ ×








++−+
−

−−+
∑

+

+
×

∞

=

∞

= 0
2

5

22

5

2
0

2

5

15.0

1

5.0

1

5.0

5.0

mk knmknmk

n
 

 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )



−

+−+−+−+−+−+

−
×

222

4

2

3

2

2

2

1 5.05.05.05.05.05.0

1432

mknnnn

tete nkmnnn
 

 

( ) ( )
( ) ( ) ( ) ( ) ( )222

5

2

5

2

1 5.05.05.0

1

5.05.0

15

+−+−+





+−+

−
−

mknnn

tete nn
. 

C11(x,t)=α5+2α6+2α7-2α8+2α9+α10+4α11, 

where  

 

( ) ( ) ( ) ( ) ( )[{∑ ∑ ∑ ∑ −+
+

++=
∞

=

∞

=

∞

=

∞

=
++

0 0 0 0

23

5.05.03

0
5 5.0

5.0

1
5.0sin5.0

2

l n k m
ll

L m
k

ntexvl
L

D

π

γ
α  

 

( ) ] ( ) ( )[ ] }( ) ( ) ( )[ ] ×+−+−+++−+−−−
−−− 122212212

5.05.05.015.0 nknknmkn  

 

( ) ( )[ ] ( ) ( ) ( ) ( ) ( )[ ]∫ −−−+× +++++++−

t

nlmklnlnl
udueueueueueuHuH

0
5.05.05.05.05.01 , 

 

( ) ( ) ( ) ( ) ( ) ( )[ ]{∑ ∑ ∑ −−−+++=
∞

=

∞

=

∞

=

−

++
0 0 0

1223

5.05.0

2

5

2

0

6
5.05.0sin5.0

n k l
nn

L knlktexvn
L

Dγ
α  

 



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014 

 

59 

 

( ) ( )[ ] } ( ) ( ) ( ) ( ) ( )[ ] ×∑ ∫ +∫ −++−+−
∞

=
++−+++

−

0 0
1

0
5.05.05.0

122
15.0

m

u

mlml

t

lkn HHueueueknl ττ  

 

( ) ( ) ( )2

5.05.0
5.0+−×

++
luddee

ml
τττ , 

 

( ) ( ) ( ) ×∑ +=
∞

=
++

0
5.05.0307

sin5.0
n

nnL
xvten

L
D

π
α  

 

( ) ( ) ( ) ( )[ ]∑∫ +−×
∞

=
++−++

00
15.05.0

m

t

nmnmmn
uduHuHueue , 

 

( ) ( ) ( ) ( ) ( )∑ ∑∑ ∫ ×−
+

+=
∞

=

∞

=

∞

=
+++

0 0 0 0
5,05,05,03

0

8
5,0

1
sin5,0

n m k

t

kmnnn

L ueue
k

texvn
L

Dπγ
α  

 

×[Hn+k-m-0,5(u)+Hn-k+m+0,5(u)-Hn-k-m-0,5(u)-Hn+k+m+1,5(u)]d u, 

 

( ) ( ) ( ) ( )







∑ ∑ ∑ ∑∫ ×−
++

+

=

= ∞

=

∞

=

∞

=

∞

=
++

0 0 0 00
5.05.03

09

5.0

1

5.0

1
sin5.0

1,0

n k l m

t

mnn

L e
lk

xvten
L

D
τ

π

γ

γ

α  

×eklm(τ)[Ik-l-n+m(T)+Ik-l+n-m(T)+Ik-l-n-m-1(T)+Ik-l+n+m+1(T)-Ik-l-n-m-1(T)- 

-Ik+l+n-m+1(T)-Im-k-l+n-(T)-Im+k+l+n+2-(T)]d τ, γ  >2, 

 

where ( ) ( ) ( )∫=
L

nn
uduvTuTI

0

cos,η , 

 

( ) ( ) ( ) ( ) ( ) ( )[ ]






∑ ∑ ∫ ×+++

<

= ∞

=

∞

=
++−++

0 0 0
1

2

5.05.033

010
5.0sin5.0

2

3,0

i n

t

niniii

L TITInxvtei
L

D

π

γ

α  

 

( ) ( )[ ]{∑ ∑ ∑ ∑ +−+−−+
++++

×
∞

=

∞

=

∞

=

∞

=

−

0 0 0 0

12

21

2

21
1 2

5.0
5.0

1

5.0

1

5.0

1

5.0

1

k l m m

mmlkn
mmlk

 

 
+[(n+0.5)

2
-(k-l-m1+m2)

2
]

-1
-[(n+0.5)

2
-(k-l+m1+m2+1)]

-1
-[(n+0.5)

2
-(k-l-m1-m2-1)]

-1
- 

 
-[(n+0.5)2-(k+l+m1--m2+1)]-1-[(n+0.5)2-(k+l-m1+m2++1)]-1

+[(n+0.5)2-(k+l-m1- 

 
-m2)]

-1
+[(n+0.5)2-(k+l+m1+m2+2)]-1}[(n+0.5)2-(k+0.5)2-(l+0.5)2-(m1+0.5)2- 

 

( ) ] ( ) ( ) ( ) ( )[ ] udueueueuem
nimklmi

−−−+−
−

21

1

2
5.0 , γ  >3, 



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014 

 

60 

 

( ) ( ) ( ) ( )







∑ ∑ ∑ ∑ ∑ ×+
+++

+

<

= ∞

=

∞

=

∞

=

∞

=

∞

=
++

0 0 0 0 0
5.05.0

3

53

2

011
5.0

5.0

1

5.0

1

5.0

1
sin5.0

3,0

i j k l n
ii

L n
lkj

xvtei
L

D

π

γ

α  

×{(i+0.5)2-(j-k+l-n)2]-1+[(i+0.5)2-(j-k-l+n)2]-1-[(i+0.5)2-(j+k-l+n+1)2]-1- 

 
-[(i+0.5)

2
-(j+k-l-n+1)

2
]

-1
-[(i+0.5)

2
-(j+k-l+n+1)

2
]

-1
+[(i+0.5)

2
-(j+k-l-n)

2
]

-1
- 

 

( ) ( )[ ] } ( ) ( ) ( ) ( )[ ] ×∑∫ ∫ +−++++−+
∞

=
++−+

−

00 0
15,0

12
15.0

m

t u

mnmnmn
dTITIeenlkji τττ

( ) ( ) udueue
jki ln5.0

−× +
, γ  =3 

 

( ) ( ) ( )






×∑ ∑ ∑ ∑
+++

+

<

= ∞

=

∞

=

∞

=

∞

=
++

0 0 0 0
5.05.032

2

011

5.0

1

5.0

1

5.0

1
sin5.0

3,0

n k l m
nn

L

mlk
xvten

L

D

π

γ

α  

 

( ) ( ) ( ) ( ) ( ){∑∫ +++−×
∞

=
+−++−+−+−−++−+−+

0 0
5.05.05.05.0

i

t

mlinkmlinkmlinkklmin
uHuHuHueue  

 
+Hk+n-i-l+m+0.5(u)-Hk+n-i-l+m-0.5(u)-Hk-n+I+l-m+1.5(u)-Hk-n+i-l+m-0.5(u)- 

 
-Hk+n-i+l-m+1.5(u)+Hk+n+i-l+m+1.5(u)+Hk-n-i+l-m-0.5(u)++Hk-n-i-l+m-0.5(u)+ 

 
+Hk+n+i+l-m+1.5(u)-Hk+n+i-l-m+0.5(u)-Hk-n-i+l+m+0.5(u)-Hk-n-i-l-m-1.5(u)- 

 
-Hk+n+I+l+m+2.5(u)}d u. 

 
Analysis of spatiotemporal distributions of dopant concentrations has been done analytically by 

using the second-order approximation of dopant concentration on parameters ε and ξ.. Farther the 

distribution has been amended numerically. 

 

3. DISCUSSION 
 
In this section we analyzed dynamics of redistribution of dopant in heterostructure from Fig. 1 

based on calculated in previous section relations. Spatial distributions of concentration of dopant 

in the considered heterostructure are presented on Fig. 2 for fixed value of annealing time. The 

Fig. 2 shows, that increasing of difference between values of dopant diffusion coefficient in the 

substrate and in the epitaxial layer gives us possibility to increase sharpness of p-n-junction and at 

the same time to increase homogeneity of dopant distribution in doped area. However using this 

type of doping leads to necessity in optimization of annealing time. Reason of this optimization is 

following. If annealing time is small, dopant cannot achieves interface between layers of hetero-

structure. In this situation homogeneity of distribution of concentration of dopant became less, 

than in heterostructure. If annealing time is large, distribution of concentration of dopant became 

overly homogenous. We determine optimal annealing time by using recently introduced criterion 

[16,17,19,22]. Framework the approach we approximate real distribution of concentration of do-
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pant by step-wise function (see Fig. 3). Farther we determine optimal value of annealing time by 

minimization of the following mean-squared error 

 

( ) ( )[ ]∫ −Θ=
L

xdxxC
L

U
0

,
1

ψ .           (7) 

 

Here ψ (x) is the approximation time. Θ is the optimal value of annealing time. Dependences of 

optimal value of annealing time on parameters are presented in Fig. 4. 

 

 
 

Fig. 2. Distributions of concentration of dopant in heterostructure from Fig. 1 in direction x. The 

direction x is perpendicular to interface between layers. Increasing of number of curves corres-

ponds to increasing of value of parameter ε. This curves correspond to situation, when value of 

dopant diffusion coefficient in the epitaxial layer is larger, than in the substrate 
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C
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,Θ
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Fig.3. Spatial distributions of concentration of dopant. Curve 1 is required idealized distribution of concen-

tration of dopant. Curves 2-4 are real distributions of concentration of dopant.  

 

Increasing of number of curves corresponds to increasing of annealing time 
 

Farther we analyzed influence of value of pressure of vapor of dopant from infinite source on dis-

tribution of concentration of the dopant in the considered heterostructure. We assume, that ga-



Applied Mathematics and Sciences: An International Journal (MathSJ ), Vol. 1, No. 2, August 2014 

 

62 

 

seous source of dopant is ideal gas. In this case pressure of gas and surficial concentration of do-

pant are correlated with each other by linear law: p M = R TN, where M is the molar mass, R = 

8.31 J/(mole⋅K) is the gas constant, p is the pressure of gas. In this situation increasing of pressure 

of gas in source of dopant leads to proportional increasing of surficial concentration of dopant. 

However dependence of optimal value of annealing time on pressure is not so simple due to non-

linearity of criterion of estimation of the time [16,17,19,22,23]. Analysis of dynamics of redistri-

bution of dopant shows, that variation of value of dynamics of vapor leads to quantitative varia-

tion of distribution of concentration of dopant inside of the considered heterostructure, but not to 

quantitative variation. 
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Fig.4. Dependences of dimensionless optimal annealing time, which have been obtained by mi-

nimization of mean-squared error (7), on several parameters. Curve 1 is the dependence of dimen-

sionless optimal annealing time on the relation a/L and ξ = γ = 0 for equal to each other values of 

dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the dependence of dimen-

sionless optimal annealing time on value of parameter ε for a/L=1/2 and ξ = γ = 0. Curve 3 is the 

dependence of dimensionless optimal annealing time on value of parameter ξ for a/L=1/2 and ε = γ 

= 0. Curve 4 is the dependence of dimensionless optimal annealing time on value of parameter γ 

for a/L=1/2 and ε = ξ = 0 

 

4. CONCLUSION 

 
In this paper we analyzed influence of changing of pressure of vapor of dopant from infinite 

source on distribution of concentration of the dopant in the p-n- heterojunction. It has been 

shown, that the changing of pressure leads to some quantitative variation of distribution of con-

centration of dopant, but not to quantitative variation. 
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